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1. Introduction

We consider the linear hyperbolic system

5;—=P(x, ,aa)u+F, 1>0,
(1.1a) o

u(x, 0) =f(x), t=0,

in a bounded domain () with smooth boundary I' on which linear relations
between u components

(1.1b) Dur=0, =0,
are given as boundary conditions. Here u = @ oy, F=FY, -, F"Y,
f=0" -, f are n-dimensional vector functions which depend smoothly
onx=(x,,"*",x), tand
F) . 3 3
(1.1¢) P(x, t,—-)=e Po(x, t,—)+P1(x, r,—), O0<e«l,
dax ox ax

where the n-dimensional coefficient matrices of

157~ ] - o
Py==Y [A,-(x, t)—+i(A,-(x, t)-)]+B(x, t),
2,‘=1 6x,~ 8x,-
(1.1d)
1 s z z
Pi=3 ¥ [Aie 02+ i 00| + B,
251 ox; 3 X;
- -~ z E 2
A =A;k7 AJ=Af9 j=1929."9sa
(1.1e) . . z

B=-B*, B=-B*

are of order O(1) and smoothly depend on x, .
Let v =v(x) be a vector function and denote by

alllv
axft Ces axgs

lollen = X

IKl=¢

’
n

£=(£11"'1£S)ENss '(|==il {i)

'If v, w are vector functions, the [jvf7= {qlv]"dx denotes the usual L,-norm. In particular,
i3 =llvl = (v, v), where (v, w) = |, w*v dx denotes the usual L,-inner product.
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the usual Sobolev norm. Then we are interested in showing that, under appropri-
ate assumptions, the solution of (1.1) satisfies the

ENERGY ESTIMATE. In any finite time interval 0=t =T, there exists a
constant Ko = Ko(T) independent of e ', ulx,0), F(x, t) and their derivatives,
such that the solution of (1.1) satisfies the estimate

u.Z] ’

Thus estimate (E) guarantees that for the solution of system (1.1) to remain
bounded independently of the fast time scale of order O(e "), one has to prepare
the initial data in such a way that 8*u(x, t)/8t"|=0, »=0, 1, - -, are of order
O(1). (The variation of the initial space derivatives Ml (x, 1)/ox* |¢=0 is indepen-
dent of the fast scale since we have assumed that the initial data f(x) are
sufficiently smooth.)

We postulate

8" u(x,t)
F:Tad

3"F(x, 1)

ar’

3'u(x,t=0)

(E) atv

éKo[ sup

O0srat

+
w2

w2

AssUMPTION 1.1. The symbol Pyliw)=iY;., wA;+B has a fixed rank
which is independent of w = (w1, * *, ws), X, L.

In the appendix we prove that for Assumption 1.1 to hold, the assumed fixed
rank of the symbol Py(iw) has to be an even integer, which throughout the paper
is denoted by

)

1

(1.1f) rank[i w;A,»+B.]=2p, w|=00, xe, rz0.

i

AsSUMPTION 1.2.  The operator P is half-bounded, i.e., there exists a constant
a independent of € ', such that, for all smooth functions w satisfying the boundary
conditions (1.1b), the estimate

(1.2) Re (w, Pw)=alw|?
holds.

Remark. We can make the growth factor « in (1.2) as a negative as we
need, by introducing into (1.1) a new decaying variable u.(x, f) =e Pulx, 1),
which satisfies system (1.1) with P> P, = P -8, while the growth factor a is
replaced by ay, = a —8.

Using integration by parts, Assumption 1.2 implies that the homogeneous
system associated with (1.1),

(1.3) (—9?=Pv, xeﬂ, Dv|r=0,
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is uniformly well posed, i.e., the energy estimate
(1.4) lotx, Dl =e“"llo (x, o)l tZ120,

holds.

By Duhamel’s principle, we can estimate |ju(x, ¢)| in terms of the initial and
inhomogeneous terms, |4 (x, t = 0)|}, [|[F (x, 1)||, thus proving estimate (E) for » = 0.
Now, differentiating system (1.1) with respect to either its time or space arguments
in the one-dimensional case, one obtains (the differentiated u is denoted by u)

o . . ,
a—i‘=Pa +e Pou+Pu+F, xeQ=[0,1],
Du+Du =0, xel'={0, 1}.

Then, assuming A i B, D are constant matrices independent of x, ¢, we can apply
Duhamel’s principle once more using the boundedness of ||u(x, )| and see that
estimate (E) holds also for v = 1. Repeating the process we obtain estimate (E)
for the higher derivatives. (See [2], Section 3, for the multi-dimensional case
where the boundary conditions are, in particular, periodic.) The above process
breaks down however in the presence of variable coeﬂicients, since direct applica-
tion of Duhamel’s principle ynelds estimates depending on ¢ !, which is reflected
by the nonvanishing term ¢ 'Pou.

In this paper we generalize the theory developed by H. O. Kreiss in [2] for
estimating the solution of system (1.1) with variable coefficients in the special
case p =1, and prove the energy estimate (E) for the general case p=1. We
assume that the reader is familiar with [2].

We start by considering the one-dimensional problem deriving, in Section
2, a normal representation for the symbol Po(iw), where we distinguish between
three normal forms of that representation. In fact, the normal representation
derived is the key for proving the one-dimensional energy estimate as carried
out in Sections 3, 4, and 5. We also show in Section 2 that in the three different
cases, the 2p fast characteristic velocities of the system split into p pairs of
velocities traveling in opposite directions.

In Sections 3 and 4 we prove estimate (E) for the first and second normal
forms of Po(iw), respectively. These are the appropriate block generalizations
of those studied in [2], Sections 5 and 6. The energy estimate for the third
normal form, which actually consists of p —1 different subcases (and evidently
cannot exist in the special case p = 1), is proved in Section 5, where we employ
combined techniques previously used in studying the first two normal forms.

The study of the multi-dimensional problem can be carrled out similarily,
by first deriving a normal form of the multi-dimensional symbol Po(lw), and then
employing it to obtain an energy estimate. The detailed analysis of that case will
be published in a forthcoming paper.
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2. A Normal Form for Problems in One Space Dimension

We consider the system

4 1
2 (ZPo+Pi)uF, 1>0,
(2.1a) £
u(x,0)=f(x), t=0,
in one space dimension 0 = x =1, together with boundary conditions
(2.1b) Dou(0,t)=Du(1,t)=0, =0,

which are linear relations between u-components, expressing the dependence
of the incoming characteristic variables on the outgoing ones. Here

(2.1¢) Pou = %[/{ux +(/iu)x]+B.u, Pu= %[/iux + (Ku)x]+l§u,

where, by our Assumption 1.1 with w = 0, the symmetric matrix ,:f has exactly
2p eigenvalues k # 0.% Therefore, without restricting generality, A and A may
be expressed in the form

(A o

2.1d A=
(2.1d) o o

), A" nonsingular, Az=(g A?'")’

where A", A"" denote the upper left and lower right blocks of order 2p and
n —2p, respectively—a conventional notation which will be used throughout the
paper.

In order to prove that the energy estimate (E) holds, we need a special form
of the symbol Py(iw). In our next theorem we discuss this in a somewhat
generalized formulation which is going to be used later on.

THEOREM 2.1 (Compare [2], Lemma 4.1). Consider the pencil wsd +A,
where
AT o
=g o)
0 0

is a real symmetric matrix, B is a Hermitian matrix whose elements are either in
R or iR (i.e., are either real or purely imaginary), and assume that, for all real w,
|w| =0, it has rank 2p. Then, there exists an w-independent orthogonal matrix

u' o
(2.2) U=( 0 U"")

2 The example

. /10 " 0 1
A'(o o)’ B—(—l 0)

shows that indeed, it is necessary to consider the limit case w = for A to have rank 2p.
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such that
A aa o) [0 Dn B0
(232) WU*SU+U*BU =w AO;"z AO22 g+ BL 0 0 0
0 0 0 O
with
(2.3b) rank (B13)=m,  rank (wAy;+B2)=2(p—m),

where Ay, B, Bys and Ay, Ba; are square blocks of order m and 2p —m,
respectively.
Proof: The eigenspace connected with k = 0 consists of vectors x = (x”, x ')’
which are determined by the system
wA"x"+B"x" +B""x" =0
(2.4) B, '+B"" n_g
For w = o0 the above system which, by the nonsingularity of A”, becomes
xl=0 B""x"=0

satisfies our assumption of having rank 2p only if B"" =0. Then, the weakly
coupled system (2.4) has the assumed rank 2p only if rank (B'"')=m with

O=m=p.
We can construct orthogonal transformations U", U™ such that
ylxglignn =( ),
0 0

where B;; is a nonsingular block of order m (for example, one may take (%° )
to be the singular value decomposition of B'"). Applying the orthogonal trans-
formation U = (%" vlin), we obtain the desired form (2.3a), while system (2.4)

which, for
A A B
A"=(A;<l 12)’ B"=(Bll 12)
12 A Bi, By
and
x = (xn] [2])1 x" =(x[3] x[4])l

partitioned correspondingly, becomes
(@A 11+ B1)x" 4 (wA 12+ B1)x P+ B 3sxP =0,
(WAL +B5H)xM+(wAz+ Byy)x™ =0,

+an =0,
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has the assumed rank 2p only if rank (B,3) + rank (wA ;2 + B;) +rank (BT3) =2p,
i.e., rank (wA 2+ B3;) = 2(p —m). This completes the proof of the theorem.

The construction of the othogonal transformation

v o
v =( 0 U"")
in (2.2) is such that
(2.5) pxgtynt = (BO“‘ g), rank (B'") = rank (B13).

We postulate

AssUMPTION 2.1 ([2], Assumption 4.2). The matrix B'" has fixed rank
independent of x, .

Then, employing Theorem 2.1 for wA +iB, we can construct an orthogonal
matrix Ut o
U =( 0 U"")

smoothly depending on x, ¢ which transforms wA +iB to the normal representa-
tion (2.3). Introducing a new variable

v’ o
u-> ( 0 Uml)“
into system (2.1), we find that, corresponding to rank (B'")=m, 0=m =p, the
operator Py has one of p +1 possible normal representations which we split up

into the following three normal forms:
The first normal form (with m = 0), where

1f( A" O\ou a(A" 0O B" 0
. == —+— + »
(2.62) Pou 2[(0 o)ax ax((o o)“)] (0 o)“
with 2p-order blocks satisfying
(2.6b) liwA" +B"|#0, forallrealw, |w|=c0;

the second normal form (with m =p), where

1 Ay An Oau 5 A A O
Pou=§ Afz 0 054—; A>1k2 0 Olu
(2.72) 0 0 o0 0 0 O
B, By Bz 0
-BY, 0 0 0
-85 o0 o o]”
0 0 0 O
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with all non-zero blocks being of order p and

(2.7v) |A 12 - |B1al #0;
the third normal form (with1=m =p—1, p > 1), where
1 A A Oau 5 Ay A O
Pou=§ A;kz A22 0_x+£ ATz A22 Olu
0 0 0 0 0 0
B,y Bix Bis O
+ -BY, B 0 O u
-BY:, 0 o 0]

0 0 0 0

A1y, By, Bis and Aj,, Bas being square blocks of order m and 2p —m, respec-
tively, and

rank (iwA22+Bzz) = 2(p —m).

Upon applying the orthogonal transformation U =diag [I,.; U22; I, _2,], where
U, diagonalizes A ;,, we find that the third normal representation of the operator
P, takes the form

A Ay Ay 0 An Apg Apa O

Pou=l Aty ‘AZZ.I 0) 0lu 8 Al (Azz.x 0) 0 y
2lax, Vo ol ofaxTaxllak.l 0 ol o
0 0 0 0 0 0 0 0

(2.8a)

+ -B ’1"2_2 0 01| u,
-B% 0 0 0
0 0 0

A2, B3, being m-th order nonsingular blocks and

(2.8b) rank [iw(A(z)z'l 8

) +Bzz] =2(p—-m), foralirealw, |w| =00}
Remarks. (i) We note that the first and second normal forms may be
considered as limit cases of the third one, with m =0 and m = p, respectively.

3Since rank (iwAj;+By)=2(p—m) we have rank(A;;)=2(p—m) and Cclearly
rank (A, ,) =m. Equating rank (A")y=rank (A,,,) +rank (A;;,,) +rank (A, ) =2p, we find that
equality must take place in the first two weak inequalities. Hence A, ; is nonsingular and (2.8b)
holds also for w =0,
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(ii) By Assumption 1.1, the dimension of system (2.1), n, is not less than 2p
and therefore the first normal form (2.6) can always exist. In the second and
third normal forms (the former is considered as the limit case m =p of the
latter), the variation of rank (B'")=rank (B;3)=m, 1=m= p, is further re-
stricted by

(2.9a) 1=m =min (p, n —2p), n>2p.
In particular, the second normal form can exist only if the dimension n satisfies
(2.9b) n=3p.

For A” we have in all three normal cases
(2.10) (-1’ |A"|>0.
Indeed, in the first normal form, (2.10) follows by expanding

0#)iwA” +B"|=(-1Yw>|A"|+ - +|B"), lw|= o0,

and noting that |[B"| >0 as a determinant of a nonsingular antisymmetric matrix.
In the second normal form, (2.10) follows by multiplying
A 11 A 12
Al = ( )
AL 0

T2pl A" | = L ARILA 12| = A 12,

and noting that |J,,] = (—1). Finally, in the third normal form, (2.10) follows by
multiplying J,,A ",

Vool |AT | = 1A %2 2| T2p-2mA 22,1 A 12,2 = (= 1)P ™A 2| |A122],

where by induction (-1)"""|A,,4|>0.

From (2.10) it follows that in the particular case p = 1 (which is, for example,
the case of Euler equations with the sound speed representing the fast scale)
we have p =1 pairs of characteristic velocities traveling in opposite directions.
In our next lemma we show that this result holds also in the general case p = 1.

LEMMA 2.1.  The 2p fast characteristic velocities of system (2.1) consist of p
positive velocities and p negative ones.

Proof: In the first normal form (2.6), we consider the characteristic poly-
nomial

(2.11) Q(r, w)=|rl,, — (wA" +iB")|
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whose r-roots are real, and whose number of signed roots is independent of w
since, by (2.6b), Q(r=0,w)# 0. Taking w =0 we find that the 2p roots of
Q(r, w =0) are the eigenvalues of iB e antisymmetric) which split into p
pairs, each of which consists of two real eigenvalues with different signs. Letting
w - 0, we see that the eigenvalues of A” are split similarly.

In the second normal form (2.7), we note that, by (2.7b), A, is nonsingular
and hence A,AT, is positive definite. It follows that there exists a nonsingular
matrix U,;, which diagonalizes (under congruence) both A ;A% >0 and A,
into I, and some diagonal matrix, say A, respectively. Let

u_(Un 0),
v —( 0 L)

then the number of signed eigenvalues x of A" is determined by

«l, — A _U11A12) =IK21 kAT,
P pl

2.12 - I, II II*=‘(
Q1) ety -U"a"w "= |( 5 T

i.e., kj+xj-=-—1.

In the third normal form (2.8) we use induction on the rank 2p. For p=1
the result follows from (2.10). (In fact, in the special case p = 1, only the first
two normal forms which have already been discussed above can exist.) By the
induction assumption, (2.8b) implies that A,,; has p —m positive eigenvalues
and p —m negative ones and hence is congruently similar to

Iem O )

Ay UL =(
U22.1 22,1 U22.l 0 —Ip_m

Let V denote the nonsingular (and in fact unitary) matrix
2—1/2(Ip—m —Ip-'n),
Lem Lem /)’

then upon applying U" =diag [[,.; VUa22.1; I..] we find that A™ is congruently
similar to (and therefore has the same number of signed eigenvalues as) the
block upper antidiagonal matrix

All A12,1 A12.2

(2.13) UTATUT* = | A%, (? 1) 0
AL, 0 0

We recall that every (nonsingular block) upper antidiagonal symmetric matrix
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of order 2p has p positive eigenvalues and p negative ones.* This gives us the
desired result in the third normal case as well.

Remark. While carrying out the proof of Lemma 2.1 we have used the fact
that ﬁo(iw =0) =B is nonsingular. If in Assumption 1.1 one excludes the case
w =0 (for example, if B =0), one can no longer split the fast velocities obtained
earlier. Indeed, in case only the principle part of system (2.1) is considered, the
eigenvalues of the first normal form can take arbitrary signs. In the second and
third normal forms, there are exactly 2m eigenvalues, 1 =m =p, (where, as
usual, m =p is related to the second form) split into m pairs of different signs;
the remaining 2(p —m) eigenvalues may have arbitrary signs.

Finally, we close this section by recalling that P, always has the form

11/0 0 \ou 3.0 O .
. == == +Bu.
(2.14) Puu 2[(0 A"")ax ax((O A"")“)] Bu

Concerning A" we make

AsSUMPTION 2.2 ([2], Assumption 5.2°). There exist constants K, 8 >0, such
that
(2.15) A" =K for 0sx=6, 1-6§=x=1.

We note that introducing a new variable u,(x, t) = ¢(x)u(x, ) into system
(2.1), where ¢(x)e Cg is the cut-off function,

1 ford=x=1-6,
0 forx=6/2,x=1-6/2,

we can assume, without restricting generality, that A”" is nonsingular in the
interior domain as well (for details see [2], Section 5).

¢(x)={

3. One-Dimensional Problem of the First Normal Form

We consider the system (2.1) with P, of the first normal form (2.6), i.e., for
=(u', u'"")’ we have the system of equations

1 ¥
uf == pl, 1 g, u +F',
£
(3.1a) ¥
u' = prm,n — B, T L Fl

4 This result was in fact derived in the above discussion of the second normal form. Indeed, in
our special case (2.13), one may take
* A An *)
Alzas(l 0 ), Auas( " 0

(where * stands for the appropriate rectangular matrices) and then employ the congruent similarity
introduced in (2.12).



HYPERBOLIC SYSTEMS 849

where

P =4A"u! + (A", )+ B, ||A"‘1| = const.

(3.1b) :
UM AT I Ay g, 1 AT 1) = const.

(B" —given by B” + B —is smooth and of order O(1) like all the other blocks).
Without loss of generality we may assume that the matrices A”, A"" are

diagonal at x =0, 1; i.e,,

I Ae O ) i (ra 0 ) ,
. x = = ’ Ax- = ’ jo 1§ ’ =a,p.
(3 2) A| 0,1 ( 0 —Aa o Jx =0,1 0 —F‘; A] F, >0 =« B

Then the left and right boundary conditions (2.1b) with the corresponding
partitioning u’ = (uL, ug), u™ = (uL, up) can be written, respectively, as

S v i )
and
ST v e 7

expressing the dependence of the incoming characteristic variables on the out-
going ones. Here L;, Ry, i, j =1, II, are in general rectangular blocks (in fact,
in our special case, Lemma 2.1 implies that they are all square blocks of order
p), and for simplicity only, are assumed to be independent of ¢t. Otherwise the
additional inhomogeneous boundary terms, generated in the time differentiated
system which we intend to estimate, can be eliminated by subtracting the
appropriately constructed vector function’ and replacing the inhomogeneous
term F by some other smooth vector F, (for details see [2], Lemma 5.1).
By Assumption 1.2, the operator

lPIII él"
€
pP= _é”’*p""

is half-bounded; i.e., for all u = (u’, u™")’ satisfying the boundary conditions (3.3),

we have
(3.4) Re(Pu,u)=Re [el(P"u', W)+ (P, ]§a<||u’||’+||u"||’),
II)}

with some constant a independent of e. Hence, by considering u = (u’, u™")’ where

$ With the help of Lemma 3.1 below.
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u'(x, t) satisfies

. u;}(oy t)=LHu¢’x(07 t))
) uzlx(la t)=R"u{3(l) t)’

and u" (x, £) = (ul (x, 1), ug' (x, 1))’ smoothly connecting u” (0, £) = (0, L1111, (0, 1))
with u' (1, 1) = (Ruug (1, t), 0Y, it follows that

(3.6) Re P’ u'y=0 for u' satisfying Dyu’ = 0.

Thatis, P" is strictly half-bounded (there is no energy growth in time). Integrating
(3.6) by parts and taking into account (3.5) we obtain

Re P, uly=u"*(x,)A" (x, Du'(x, t)|:25
3.7) =u* (D[RHAL(L, )Ry — Ag(1, )]ug (1)
+u X (0) Ly Ag(0, t)Lyr — Ag(0, )]ul(0)=0

with arbitrary uf,(O)Eu{.(O, 1), u{,(l)sué(l, t). Hence Assumption 1.2 implies
(3.6), and from (3.7) one derives the standard inequalities

(3.8a) LfiAg(0, )Ly —AL(0,£) =0,
(3.8b) REAL, DRy —Ag(1,1)=0.

(3.5) D' =0

Thus the boundary values are reflected in such a way that no energy enters the
interior domain through the boundaries.
Now if we slightly strengthen the weak inequalities (3.8) by requiring the
DissIPATIVITY CONDITION. At least one of the strict inequalities
(3-9) L;‘IAB(O, t)LlI_Aa(O, t)<0’ R;kIAn(lyt)R"_AB(l’t)<0’
holds.

Le., requiring the boundary conditions to be dissipative rather than only
energy conserving, we are able to prove

LEMMA 3.1 ([2), Assumption 5.2). For every smooth F', the two-point
boundary value problem

(3.10a) P"%'=F', Dn'=¢
has a unique solution, satisfying
(3.10b) oI+ llvxll = K (IF ||+ g)).

Proof: Assume A =0 is an eigenvalue of (3.10a) with corresponding
eigensolution ¢ # 0 satisfying

3.11) P"$=0, Dpu¢=0.
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Multiplying (3.11) by ¢ and integrating by parts we obtain
0=Re(P"d, )= 5[REAR: —Apldpie-1 + 2 [LTALY — Aa)baix 0.

By the Dissipative Condition (3.9), it follows that either ¢.(x),-0=0 or
ép(x)x=1=0 and therefore in view of the boundary conditions (3.11), either
& (x)x=0=00r@(x)=1 = 0. Hence ¢ =0, contradicting the assumption that A =0
is an eigenvalue, and (3.10) follows.

By Assumption 1.2, P is half-bounded. Hence the energy estimate (1.4) is
satisfied, and, by Lemma 3.1, system (3.10a) is uniquely solvable. Thus, both
Assumptions 5.1 and 5.2 of [2] hold, implying

THEOREM 3.1 ([2], Theorem 5.1). The system (2.1) with Py of the first
normal form (2.6), satisfies the energy estimate (E).

Remark. Alternatively one can prove Theorem 3.1 by replacing the Dissipa-
tive Condition (3.9) by the somewhat milder assumption (3.10)—see [2], Section
5. The Dissipative Condition was introduced here, however, to indicate that
(3.9) followed by (3.10) actually places a very weak additional limitation on our
system, both theoretically and practically. Indeed, the boundary coefficients L,;,
Ry which, by Assumption 1.2, are weakly restricted by (3.8), are to be further
restricted by the similar strict inequalities (3.9).

Satisfying the energy estimate (E), it follows from Theorem 3.1 that the
solution of (2.1) will remain bounded independently of ¢ ™! if its initial conditions
are chosen so that the initial time derivatives are bounded. We refer to [2],
Theorem 5.2, in discussing the procedure to construct such initial conditions.
(Note that if, in particular, n =2p, then for 9'u/at'|,—0, j=0, 1, -, », to be
bounded, ||lu (¢t = 0)|| must be, as can be expected, of order O(e*), since no slow
scale variables are present in the system.)

4. One-Dimensional Problem of the Second Normal Form

We consider the system (2.1) with P, of the second normal form (2.7), i.e.,

A A O w8 A A O
Pau=5|la% 0 ofF+-{lat 0 ofu
o o o *VWo o o

Bll Blz BIS 0
-BY, 0 0 0
-BY; 0 0 0

0 0 0 O

where A,, B3 are nonsingular matrices of order p.
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1}

Denote by u' "’ the first p components of u,
4.2) =@, u?).
Then, starting with row p + 1, the next 2p equations of system (2.1) take the form
(4.3a) AbulM+ R = ey{u, u,, F},
(4.3b) —B%u™ = £[S1u, +¥afu, u,, F.

Here, ¢;{-,,"} are bounded linear vector functions of their arguments (a
property which we shall denote by curly brackets) and S, is a p X n rectangular
matrix consisting of the first p rows of [0 —2p)xp; An2p)xin-2p)] (bY (2.9b), they
exist).

Following [2], Section 6, the way to derive the energy estimate (E) in the
second normal form is to show first that um——by satisfying the overdetermined
system (4.3)—must be of order O(z). We shall therefore prove

LeEMMA 4.1 ([2], Lemma 6.2). There exists a constant K >0, such that for
(1 satisfying (4.3) we have

4.4) e+ ™ = e (el + el + D
Proof: We give a somewhat simpler version of the proof of Lemma 6.1 in

[2). By Assumption 2.1 the nonsingular —B73 has abounded inverse for0=x =1,
and therefore (4.3b) can be rewritten as

(4-5) u“] = e[(k92u )x +X2{u) Uy, F}]a “SZI‘gconSt'
Let

(4.6a) v'M=S,u +L x20&) dé,  x2E)=x2Au(& 1), ul& 1), F(& 1)}
Then (4.5) becomes

(4.6b) ull=gpM,

By inserting this into (4.3a), which is first divided by the nonsingular AY;, we
obtain

4.7) v + R0 = xulu, u, F},  |IRol| = const.
Now, for sufficiently small n > 0 and smooth w we have a Sobolev inequality:
(4.8) well= [ wel + 0~ wlP12 = mllwaell+n ~liwll.

Then, by (4.7), (4.8) we estimate

4.9) ol =const. (o5 l+lx1l) = const. (nllo% I+ n o™i +lxalD.
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By choosing n small enough, (4.9) implies
(4.10) llo 5= const. (o™l + |l
which, using (4.6a) to estimate v'" in terms of « and X2, gives us

4.11) e Jul | =llok Il = const. (Jul|+llucl + IFID.
Finally, by (4.8) we can estimate [|o\"|| in terms of |jv'})]| and |jv"}], and using

(4.10), (4.6a) we obtain
(4.12) & Yu"Y =l = const. (lull+ lhx2ll+ ) = const. (lul+ e |+ I,
which, together with (4.11), yields (4.4).

With the help of Lemma 4.1 we can now prove

THEOREM 4.1 ([2], Theorem 6.1). The system (2.1), with P, of the second
normal form (2.7), satisfies the energy estimate (E).

Proof: The proof proceeds as in Theorem 6.1 of [2]. We first want to
estimate the first time derivative u,, by considering the differentiated system
(2.1) with respect to ¢:

1 . 1. .
(4.13) u,=—Pott + Pyu + F +—Pou + Pu, _9
€ £ ot

The last n —2p equations of (2.1), after eliminating the space derivative by

using Assumption 2.2 about the nonsingularity of A", give us

(4.14) N} = const. (& flu " Y+ flue | + el + 1.
Hence, by Lemma 4.1,

(4.15) 1Pl = const. (lu|| + |lul) = const. (lull+ llu |+ |F1D.
Moreover, denote

(4.16) u[2]=(u(p+1), oo, u(2p))l' u[3]=(u(2p+l), cen, u(3p))r

(see (4.2)). Then using the first p equations of (2.1) and the nonsingularity of
A, we have ¢ 'ul?= Sd{u, u, Fe ul e 7™, u™ 4y}, Thus we can
rewrite

1. 1 _
(4.17a) —Pou =—Cu +®{u, u,, F, e 'ulM},
E E
where
0 Clz C13 0 b 0
0 0 0 0 - 0

(4.17b) c=. - . *,
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and, by Lemma 4.1,
(4.17¢) &{u, u., F, & "'u M| = const. (lufl+ lu i+ F ).

Having obtained (4.15), (4.17) we now multiply the differentiated equation
(4.13) by u, and integrate over time; then the half-boundedness Assumption
1.2 implies®

T

llse(x, £)])]i25 = (a +const.) L lluer||

(4.18a)

+e*‘[|(u, Cu)|)::+ J'Or(u, (Cu),)dtH+K,

where the constant K is bounded by

T .
(4.18b) K = const. (L il + |EIR + |F IR d:).

Now, we observe that e '(u, Cu) and & "' (u, (Cu),) depend linearlyon ¢ “h

and hence by Lemma 4.1 are bounded. Then, by (4.18) with « +const.=0
(which, as noted in Section 1, is no restriction), we can estimate ||u,|| in terms of
llue. (x, ¢ = O)|l, IFl, IFl and Jj|l, where by Duhamel’s principle ||| in turn can be
estimated in terms of [|lu(x, ¢ = 0)|| and ||F||. Thus we arrive at an energy estimate
for u,. Using the differential equation (2.1), we can now also estimate u,, thus
proving estimate (E) for » = 1. Differentiating (2.1) repeatedly with respect to
t gives us the energy estimate (E) for higher derivatives as well. This proves the
theorem.

We shall now discuss how to prepare the initial data with bounded time
derivatives and hence, by Theorem 4.1, guarantee a bounded solution for later
times. Our system (2.1) with P,, P, given, respectively, by (4.1), (2.14) takes
the form (for simplicity assume the matrix coefficients to be constant)

€u£1] =A11M£1] +A12ME¢2] -+-B“um+312u[2]+313u[3]

(4.19a) . .
+gBMM,! +sB'"mu"+eFm,
2z £ -
(4.19b) eu = A%ul - BHLU M+ BT 4 BT 4 R
_ T z
(419C) u{l =—¢ 1BT3M[1]+A""L4£I“‘B”I*u’ +B""u" +F",

where the superscript{j1,/ = 1, 2, 3, denotes appropriate partitioning correspond-
ing to (4.2), (4.16).

¢ For simplicity only we assume that the boundary conditions (2.1b) are independent ¢, so by
(1.2), Re (i, Poit) = allii]. Otherwise, the extra inhomogeneous boundary terms Du(n, 1), n=0,1,
can be climinated by subtracting an appropriately constructed vector function with corresponding
update of F.
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Let V" be unitary and diagonalize A" Then by Lemma 2.1 exactly p variables
of V' u" =", u™Y, are inflow variables and the remaining p are outflow
ones. In view of Lemma 4.1, u'**'=¢ "4 should be of order O(1); thus
naturally the boundary conditions should connect u''*) and »'® with u". Hence,
the fast scale variables of the system are determined at the boundaries by

(4.20a) ut X0, 1) = L1260, 0) + Ly uu™ (0, 1),
(4.20b) w1, 1) = Rpe 2™ (1, )+ Ry ™ (1, 1).

For the slow scale variables, u "', we have (see (3.3))

(4.20¢) ug (0, t)=LyuN0, t)+ Liynul (0, 1),
(4.20d) ul (1, 6)=Ryu™(1, 1) + Ryru 5 (1, 0).

We want to assure that the first time derivative, u,, is bounded. By Lemma
4.1, therefore,

(4.21a) ull="1yM=0(1)

with ug”] also of order O(1). Having obtained (4.21a), the boundedness of u[,Z],

u™ follows from (4.19b, ¢). For uE” to be bounded we also need
(4.21b) AuP+B P +Bsu®=00),

by (4.19a). To satisfy (4.21), determine u” 7 and the right-hand side of (4.21b).
Next, by the boundary conditions (4.20c, d) at most p components of u®! are
determined at either x =0 or x = 1,” and the remaining components, if any, are
chosen at one point. Thus u?is uniquely determined by (4.21b). Finally, we
smoothly define u"'* between its boundary values x = 0 and x = 1, given, respec-
tively, by (4.20a) and (4.20b).”

Higher derivatives can be handled similarly repeating differentiation of (4.19)
with respect to . In particular, let ¢ »0. Then ("""}, u', u™) converge to the
solution of the reduced system

(4.22a) Apw? +BLw+ BLawPl =0,
3 2

(4.22b) wil =AWl —BhLw4 g2, T ginl, i pl2]
£ 3 £ 4

(422C) erI = _B:l|=3w[l]+AlIIlw£I_BIII[Z]*W[2]+BIIIIW" +F",

and we can derive asymptotic expansions, for details see [2], Section 6.

7 For simplicity assume u”’ has at most (and therefore exactly) p components, 4" =u'*, or
otherwise handle u'f = (4], 4y sgparately. Also assume B =0 50 that 4’" and u'"! are not
coupled through (4.19¢). The case B4 0 can be handled by expanding in terms of the solution
of the reduced system (4.22) given below.
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5. One-Dimensional Problem of the Third Normal Form
We consider the system (2.1) with P, of the third normal from (2.8), i.e.,
Ay Apy App 0 A Apy Ap, O

P u==l ATy (AZZ,I 0) 0 §E+i At (A22.1 0) 0 u
T2 llana t 0 0o/ 0lax ox|{A%, \ 0 ol o0
(5.1a) 0 0 0 0 0 0 0 0
1a
B,y By, B2 Bz 0
-Bt. " 0 0
’ B
+ —B’lkz,z ( 22) 0 0 |u
-B% 0 0 0
0 0 0

with A, 2, B1; nonsingular blocks of order m, 0 <m <p, and

(5.1b) rank [iw(A“" 0

: o) +322] =2p—m).

By (5.1b) it follows (applying the same argument of letting w -0 as in
Theorem 2.1) that the lower right block in the corresponding partitioning of B,,
must vanish. Thus

_( B2z Bzz.z)
(5.10) 1!322-(_3,2“2‘2 o).

Furthermore, the side condition (5.1b) suggests applying Theorem 2.1 once more
.in order to obtain the normal form of the main subsymbol

’.w(A22,1 0)+< B33, 322.2)
0 0 —B;z,z 0

and hence simplifying the normal form of the overall operator P, given in (5.1).
Indeed, in our next lemma we show that by doing this repeatedly, we can take
B2, in (5.1¢) to be zero as well, namely, the main subsymbol

[.w(A22.l 0) +(322.1 0)
0 0 0 0
is then of the first normal form.

LeEMMA 5.1.  Consider the operator P, of the third normal form given by (5.1).
Then there exists an orthogonal matrix

o4 9
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such that .
(5.3a) U*PoUu =5[Au, +(Au),]+Bu,

where A, B are given, respectively, by

[All] [A12.l] [A12.2] 0
_[[AT1] [Az]

A\ (A% 0 ’
0
(5.3b)
[Bi1]  [Bi2a] [Bi22] [Bi3] O
[-Bi21] [B22.]
B= [‘sz.z]
(-B%;] 0
0

Here, the m-dimensional Ai,; (A, is nonsingular) has a (block) upper anti-
diagonal form and Ba; has a (block) upper antidiagonal Hessenberg form given,
respectively, by

* [N * e [A(l.l)]
Apn= * [AY] ' )
: 0
[A(q.q)]
(5.3¢)

* e * e . [B(l-l)]

: [B(z.z)] [B(z,n]

* .

Bi2o= [BY"]  [BU~1] ,

[B(q.q)] [qu.q -1 )]

i1 ) ) .
where A, BYD, BV are my-dimensional blocks, A", B~ and the m-
dimensional block B,3 are nonsingular, with

q

(53d) m=2 miép, 0<mq§---<m2<m1=m<p,
i=1

and

(5.3¢) rank (fwAjs1 +Bja 1) =2(p —m).
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Proof: By Theorem 2.1, there exists an orthogonal V" which transforms
the subsymbol
. (Azz,l 0
iw

0 0)+B”

into one of three possible normal forms.

In the case of the first normal form (see (2.6)) (5.3) is obtained with g =1
identifying A, Bix and m=m, in (5.3) with A, B, and m in (5.1),
respectively.

In the case of the second normal form (see (2.7)), which by (2.9b) may exist
only if 2m =p, (5.3) is obtained with g =2 and m; =m Zm, =p ~m (hence here
m=m;+my=p and A22,l = Bzz'l =0).

In the case of the third normal form (see (2.8)), with some typical order of
the corner blocks say m,, where, by (2.9a), 0 <m, <min (p —m, m), a structure
like (5.3) is obtained withqg =2 and m, = m >m, = m,, m= m, + m, <p, consist-
ing of a new subsymbol of rank 2(p —m) for which the normal characterization
step described above can be applied once more.

Thus, after at most p such steps the result follows with

r o
U=y i)

Remarks. (i) According to the iterative constructive proof of Lemma 5.1,
it is clear that the final form (5.3) is obtained when the process is terminated in
one of two ways: either with the subsymbol of the the first normal form where
the weak inequalities in (5.3d) are both strict, or, with the subsymbol of the
second normal form further reduced to be included in the corner blocks so that
both equalities in (5.3d) hold. The subsymbol then vanishes.

(ii) As remarked in Section 2, the first and second normal forms may be
considered as limit cases of the third normal form with m =0 and m =p,
respectively. Thus, the form (5.3) with the side condition (5.3d) replaced by the
modified condition

(5.4) m=73 m, 0

A

mg=---<m<m;=p,

to include also these two limit cases, gives us the most general form of the symbol
ﬁo(iw )

Having the explicit representation of the third normal form as given by (5.3),
we now may proceed to obtain the desired energy estimate (E). We do so by
first using the special structure of the m-dimensional corner blocks A3, B2
in (5.3c) to show that the first m components of the solution

(5.5) u[I]E(u(l), e u(m))l

must be of order O(¢) (compare—in the second normal form—Lemma 4.1).
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LEMMA 5.2. There exists a constant K >0, such that
(5.6) S+ M = Kl + el + D).

Proof: The row equations of (2.1), associated with the (non-zero) lower-left
corner blocks of A and B in (5.3), are given, respectively, by

(5.73) A12 2ux]+Rlu —E‘I’{ua Uy F}! R1EAT2'2,‘_%B’1|‘2_2,
(5-7b) Bl3u = €[\S‘lux +\l’1{u! U, F}], u[ﬂE(u(l)v DY u(M|)),-

We introduce the compatible partitioning

(5.83) (u[1] e, u(q])l’
where
(58b) [l]_(u(m,,,|+l), e u(m,)):, i= 1, 2, ceq, mo=

To simplify notations let us also denote B"¥=B,,. Equations (5.7b), (5.7a)
then take the corresponding partitioned form

(5.9a) B %, M= o [8u, + W {u, u,, F}), i=1,

B(H 1)k [,]_E‘P {u, u,,F}+ Z (R,ku[k]+sku[k])

(59b) Sl.i—l ___A(I-I)*’ j= 2,3, . q.

Trying to follow the proof of Lemma 4.1 we note that only u'"'—the first
component of u'''—admits the overdetermined equation (5.9a) in order to give
us an ¢-order estimate. However, making use of the strong coupling between
successive components of u'''—as expressed by the nonsingularity of B/ ™1,
A'"™* appearing in (5.9b)—we are able to show that each one of these com-
ponents, ul ‘], can be estimated in terms of the former ones; Hence the £-order
estimate is also valid for the remaining ull, J=2,3,--+,q. The detailed proof
along these lines is given below.

Starting with (5.9a), the terms W k=141, appearing in the right-
hand side of (5.9b) can be replaced by their exphcit representation obtained

from (5. 9b) with k=2,3,- .-,/ respectively. Thus u 1 can be expressed as a
bounded® linear combmation of O(e) terms and u["]]k 1, namely
(5.10) u=u"MNeu,, e W, 1525w 20).
Let us denote
(5.11) Wl= MLty i=1,2,-,q,

where in particular (see (5.8a)), ult =g, Equations (5.7a)—after division by

® Using the nonsingulairty of B'*/ ™",
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the nonsingular A%, ,—and (5.10) can be rewritten, respectively, in the concise
form

(5.12a) ul N+ Ru = e W, o{u, u, F,
(5.12b) u = e[S+ W fuy g, FY+ TS ™Y, j=1,2,001 g,

(We understand that, for the casej =1, ul o= 0, and (5.12b) is reduced to (5.9a).)
Equations (5.12a), and (5.12b) with j = gq, give us for u""" an overdetermined
system similar to (4.3)—the one discussed in Lemma 4.1. Repeating the proof
of Lemma 4.1 in our modified case (5.12) where there are additional O(1) spatial
derivatives in the right-hand side of (5.12b) (or alternatively use Lemma 4.1
directly, rewriting first (5.12b) with the help of S,, =S, +& ~'T,), we obtain

a5+ e = R ol + sl + I + K- e ™2~
(k]

Thus u!, 4! are bounded in terms of the first g—1 components u'*],
k=1,2,:++,q—1, which enable us to reduce (5.12a) to

(5.13a) yltat +Rq_,u“’“'”= e Wy o_r{u, us, F.
Using (5.12b) forj=q -1,
(5.13b) u[l'q_”: E[SQ‘lux +‘l’2.4*1{u’ U, F}]+Tq—lu[x1'q_2],

we have a reduced overdetermined system satisfied by u"* Yfor which Lemma
4.1 can be applied once more.
After q such steps, where the estimate follows in the j-th step,

(5.14) e+ ™Y = Kol + e+ WD + Kl 1)
is used to obtain a reduced system for «"”~'; we finally arrive at
(5.15a) wl M+ Ry = e Wy 1, u,, F},

(5.15b) ™= e[S, +Woi{u, u, F}).

By Lemma 4.1, u''=4""" satisfies the estimate (4.4), and in view of (5.14) the
same holds for u'"", j=2,3,',q. In particular, for j =gq, u" =y satisfies
the desired estimate (5.6) which completes the proof.
We continue by considering the 2(p —m)-dimensional subsymbol iw A, ;+
B,,,; associated with
]

1 2]
(5.16) P 55[A22,1—+—(A22_1-)] +Bas.
Jox ox

(We exclude the trivial case whre m = p—see Remark (i) above.) Let

(5.17) u[Z]E (u(m+1), . u(zp*m))l, u[3]E (ufzp—m+1), el u(zp))l

*

which together with (5.5) give us the partitioning which corresponds to that of
the third normal form of A in (5.3b).
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By Assumption 1.2 the operator P is half-bounded, namely, for all u=

@, [21, 31wy satisfying the boundary conditions (2.1b) we have

1 )
994(Pu,u)E—um*Azz,lu[zll,’;}, _“UIA s
S

(5.18) +sl[uf”*A,z,lum+u[”*A12_zum]l::3,+9{ e (P u™)

= (a7 + ™ + a1 + "),

with some ¢ -independent constant . By Lemma 5.2 only the first of the four-term
summation in (5.18) is of order O(e ~!). Hence for ¢ sufficiently small it follows
that

(5.19a) R e (Paz 0 [2])—u[2]*A wFrzi=o,

for u'® with appropriate partitionin u =@?, u?) satisfying
p g ]

m(o 1) = Lzzllm(O, )

5.19b Dazu”=
( ) 22,0 0: ul?(1, 1) = Rz,zllp I, .

Without loss of generality, assuming that at the boundaries A,,; takes the
diagonal form

(A22.1a

(5.20) A2 1x=0,1= Azz.1;>0, f=a,B,

_AZZ.IB) Ix =0.1’
(5.19) is equivalent to (see (3.8))
(5.21a) L32A2215(0, )L22 = A22.14(0,1) =0,
(5.21b) R32A221a(1, OR22— Axz1(1, 1) =0.

Now, we slightly strengthen (5.21), requiring (compare (3.9) in the first normal
form):

DissIPATIVITY CONDITION. At least one of the strict inequalities
(5.22) L33A22,16(0,)L22—A22,1a <0, R32A2.14(1, )R22—A2z15(1, 1) <0
holds.

Assuming the boundary conditions (5.19b) to be maximal dissipative, (5.22),
Lemma 3.1 implies

LEMMA 5.3. For every smooth F2, the two-point boundary value problem

(5.23a) Py v?=F?, Dy vP=¢
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has a unique solution, satifying
(5.23b) V2 + v = K (F) + g

According to Lemma 5.1, the third normal form (5.3) may be considered as
a composition of two different parts. The first is the subsymbol (5.3e) of the first
normal form for which Lemma 5.3 holds; the energy estimate for this form was
analyzed in Section 3. The second consists of the corner blocks (5.3c-d) having
a structure like the second normal form for which Lemma 5.2 holds; the energy
estimate for this form was analyzed in Section 4. By employing the techniques

used in Sections 3 and 4, we are finally able to complete the proof for the case
of the composed third normal form (5.3).

THEOREM 5.1, The system (2.1) with Py of the third normal form (5.3),
satisfies the energy estimate (E).

Proof: Differentiating the system (2.1) with respect to ¢ we obtain

1 . 1. . .
(524) l.|,=_P0l.l+P1l'l+F+—POII+P1u, 4
E £

= 5[— .
We estimate the term (1/¢)Pou in two steps. First we consider (1/£)P5,,1u, where
we proceed as in Theorem 3.1.° By Lemma 5.3 the boundary value problem

(5.25a) Py v = =Py 10, Dsy v =0,
has a unique bounded solution with
(5.25b) v+ v = K (uf) + 1) = const. (ull+ ).

Replacing u?! by um—v,k introduces an additional bounded inhomogeneous
vector g4, at the boundaries, which is eliminated by subtracting the solution of

(5.26a) Py, i3 =0, Doy Vi = s |gs+) = const. (Jjuf|+ [ju.f).
By Lemma 5.3, (5.26a) is indeed uniquely solvable with

(5.26b) Vel + vk = K gl = const. (lull + luJ).

Now, in terms of the new variable w = (wm wi? w[ L wily,

(5.27) w=u, j=[1}0311, wW'=u?-(F+vE,

the differentiated system (5.24) takes the form

. 1 . . .
(5283) \.V,=%PQW+P1W+F*+;[PQ—‘P22_1]W+P1W

°See [2], Theorem 5.1.
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with
(5.28b) IFll = const. (Jull+ [lul|+IF] + | £H),

complemented by the homogenequs boundary conditions (2.1b).
Next we consider (1/e)[Po— P22.1]w, where we proceed as in Theorem 4.1.
We can now write

1 . . 1 _
(5.29a) S[Po—Pr lw=—Cw+dlw,w, F, e wih,
£
where
0 Clz C13 C14 o .--- 0
0 o 0 -+ 0
(5.29b) c-|? : (:) o )
0 0 0 0 0 -0
By Lemma 5.2, (5.25b) and (5.26b),
(5.29¢) lD{w, w, F, e "'wi} = const. (full+ [l + |1FIl+[IF]).

Similarly, for the term P,w we have

(5.30) 12wl = const. (lufl+ flul|+ |7}l +|FD.

Integrating (5.24) over time, noting that the terms ¢ “L(w, Cw), e "(w, (Cw),)
are bounded and taking into account (5.25b), (5.26b) and (5.29c) we finally
conclude that the energy estimate (E) holds for » = 1. Higher derivatives can be
handled in like manner.

Let us now discuss how bounded initial conditions should be determined so
that by Theorem 5.1 the solution will remain bounded for ¢ > 0. For simplicity
assumg the matrix coefficients to be constant, neglect the slow scale low-order
term B =0 and let u” consist of only m scalar components. The system (2.1)
with P, given in (5.3) then takes the form

1 1 2 3 1
S“E 1= Au“& 4 An.x“i L+ Alz.zllE: 1+ Bull[ )

G:31a) + By 02+ By ou™ + Bysu® + eF
(5.31b) cull= A% w-Bh u"+ Py u + e FP,
(5.31c¢) eull= A% ul - B ut 4+ e FP,

(5.31d) u'=—e'Bhu+ A" ul+FY.

By Lemma 5.2, u'*'=¢""u!" is of order O(1); thus the complementing
boundary conditions (2.1b) take the corresponding partitioned form (see (5.19b))

[1e} [2]
u Loz Lpealfua Ly o
5.32a [ ]=[ ] ]+ ]u s x =0,
( ) uf’ Loy  Las JLu™ Lru
[1€] [2]
u Rz Rperalfus Rpern) n
5.32b [ ]=[ ] ]+ ]u , x=1,
( ) ll.[le R, R34 “[31 Ry
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nn

and with corresponding partitioning of A~ " at the boundaries (see (3.2)),

(5.32¢) ug(0, 1) = Li,02X0, )+ Ly ;u”%0, ) + Ly nu (0, 1),
(5.32d) ul(1, )= Ry u(1, 1)+ Ry 0™, ) + Rupup(1, 1),

To assure that ;- is bounded, we must have, by Lemma 5.2,
(5.33a) e l=e =0

with u''*! also of order O(1). Using (5.32a), the boundedness of uP], u!’ follows

from (5.31c—d). Also it follows from (5.31b) that one must have
(5.33b) Poaut? = O(e),

in order for uEZ] to be bounded and, similarly, for ut to be bounded, (5.31a)
implies
533c) AP+ B el + AL P 4B uP + B = OCe).

To satisfy (5.33) determine v’ the right-hand side of (5.33b), (5.33c), and
specify u"1at the boundaries arbitrarily. Then by (5.32c-d), u'@is also determined
at the boundaries and, according to Lemma 5.2, u® is uniquely determined by
(5.33b) everywhere. Then u'® is found as the solution for (5.33c), and finally
u'! is obtained by smoothly connecting its given boundary values in (5.32a),
(5.32b). Higher derivatives can be handled similarly and, in particular, letting
£ >0, we find that ('}, w3, ) ufy converges to the solution of the reduced
system

(5.34a) AW + By W E Ay W+ B WP+ B W =0,
(534b) PZZ,IW[Z] _ 0,
(5.34¢) WP] = AT2,2w£”‘ B[z_zw[n +F[3],
(5.34d) w = _B;stfll_*_ AT I gl
Appendix

THEOREM. Assume the symbol Po(iw)=l; Z,’.= \wA; +B has a fixed rank
independent of w, x, t (Assumption 1.1). Then Poliw) has an even rank.

Proof: For simplicity let us consider the one-dimensional case (s=1)
assuming

(A.1) rank [iwA +B]=2p+1, integer p = 0.

Clearly, (A.1) cannot hold for p = 0. The general case then follows by induction.
Without restricting generality, let A be partitioned into

Al 0)

(A2) A=( 0 o
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where A" isa (2p + 1)-dimensional nonsingular block. Asin the proof of Theorem
2.1 it follows by considering w —» co that B has the corresponding partitioning

. éH éIII
(A.3a) B= (_é,,,* 0 )
with
(A.3b) rank (B'")=m, 0=2m=2p+1.

T.‘he case m =0 is impossible since the (2p + 1)~c_limensional antisymmetric block
B" is singular. Hence rank Po(iw = 0) = rank (B"')<2p +1 contradicting (A.1).
Thus

(A.30) rank (B'™)=m, 0<m<p.
Now, let
ok IS Bis 0
A4 oy IS _ ( 13 )
(A.4) O gig s

be the singular value decomposition of B'", and B,; an m-dimensional nonsin-

gular block. Also form the corresponding partitioning
An=(1‘§11 /4:12) B'n=( B:ll B:12>
Af, A/’ -BY: B/’
Then upon employing the orthogonal transformation
. 0" 0
U= ( 0 (jnn)

[1], x[2] [3], x[4]):

we find that the kernel of Po(iw) consists of x = (x y X satisfying

(iwAll +B~11)fm+(iwf{12+B.12)f[2]+3~13x£3] = 0,

(iwA% - BE)F M+ (iwA 52+ Byp)i™ =0,
- B! =0.

The system has the assumed rank 2p +1 only if
rank (B1s)+rank (iwA 2, +B,,)+rank (BY) = 2p+1,

i.e., the rank (iwA 5+ B22) =2( p —m)+1, which by (A.3c) contradicts the induc-
tion assumption.
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Added in proofs: Toshed adifferent (and simpler) light on Lemma 2.1 and the
theorem in the Appendix, we note that the continuous dependence of the signature
of an Hermitian matrix on its rank implies under Assumption 1. 1, signature
[zPo(tw)] = signature [iPo(iw)|.-0=iB]=0 by the antisymmetry of B; hence the
rank of Po(iw ) is necessarily even, 2p, consisting of p pairs of eigenvalues of opposite
signs.
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